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A unified method for computing incompressible and compressible flows with
Mach-uniform accuracy and efficiency is described. The method is equally applicable
to stationary and nonstationary flows. A pressure-based discretisation on a staggered
grid in general boundary-fitted coordinates is used for the Euler equations. Extension
to Navier–Stokes is straightforward. Dimensionless variables that remain finite for
all Mach numbers are used. Mach number independent accuracy and efficiency is
shown by numerical experiments.c© 1998 Academic Press
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1. INTRODUCTION

When the Mach number in a flow is uniformly low, say below 0.2, solution can take place
with equations and numerical methods assuming incompressibility. When the Mach number
is higher, the compressible flow equations need to be employed, and numerical methods
different from those for the incompressible case are used. This leaves us with the question:
what to do when both low and high Mach numbers occur simultaneously in a flow?

What is needed is a method with Mach-uniform accuracy and efficiency, both as the
Mach numberM ↓ 0 and whenM = O(1). Straightforward use of standard compressible
methods gives severe convergence problems or even breakdown in the presence of regions
with very low Mach number. Therefore efforts have been made to develop special methods
for such flows.
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For low speed variable density flows asymptotic methods based on series expansion in
the Mach number have been developed in [9, 23, 30]. Such methods can only be used when
the Mach number is small enough (less than 0.3 say). Another approach is to improve the
low Mach number behavior of compressible methods. Because large investments have been
made in codes for compressible flows, much work has been done in this direction. Extension
to low Mach numbers can be done by preconditioning [2, 4, 8, 36, 43, 44, 47, 49]. Another
possibility is to perturb the equations with artificial compressibility, replacing the physical
acoustic modes by artificial acoustic modes [3, 9, 15, 27–29, 33, 48, 51]. These measures
usually falsify the time dependence, making time-accurate unsteady computations awkward
or inefficient. Also, usually very small Mach numbers (less than 0.05, say) cannot be
handled, or only at increasing expense, and the limitM ↓ 0 is frequently singular. Such low
Mach numbers are encountered in flows with combustion or in stratified atmospheric flows.
Another type of method is proposed by Patnaiket al.[32]; here the density is stepped forward
in time by the continuity equation, and a pressure correction is derived from the energy
equation. The method can compute sound waves and nonstationary weakly compressible
flows. It would seem that this method does not reduce to a well-known incompressible
method asM ↓ 0. All of the above methods use nonstaggered grids.

Alternatively, one may extend an incompressible method to the compressible case. Obvi-
ously, this gives the best prospects for handling the limitM ↓ 0, assuming that in this limit
a well-proven incompressible scheme is recovered. With a nonstaggered scheme this has
been done by Demirdˇzić et al.[6]. A staggered grid was first used to compute compressible
flows by Harlow and Amsden [10, 11], generalizing the MAC scheme of Harlow and Welch
[12] to the compressible case, in orthogonal coordinates. Later works in this direction, using
general coordinates, are [17, 18, 20, 36, 38, 39]. This is also the approach taken by us here.
Staggered schemes have not caught on for compressible flows, because they seem to offer no
advantage over nonstaggered schemes and are more complicated to implement accurately
in general coordinates. However, for incompressible flows they are attractive, because no
artificial measures need to be taken to avoid spurious pressure oscillations and the physi-
cal boundary conditions suffice. Furthermore, for the incompressible case recently accurate
staggered discretizations in general coordinates have appeared; some references, apart from
those just quoted, are [5, 16, 24, 34, 42, 52, 53]. Given an accurate staggered scheme in
general coordinates, inclusion of compressibility is quite feasible along the lines already
laid out by Harlow and Amsden. Inclusion of accurate and efficient time discretization is
in fact easier than for nonstaggered schemes, because there are no artificial regularizing
terms. Furthermore, as some of the test cases to be described show, accuracy and efficiency
of a staggered scheme turn out to compare quite well with standard schemes in the fully
compressible case.

Here we will generalize the incompressible staggered scheme in general coordinates des-
cribed by Zijlemaet al. [52, 53] to the nonstationary compressible case. We specialize to
the Euler equations, because with our approach viscosity plays no role in the difficul-
ties associated withM ↓ 0. Generalization to Navier–Stokes is straightforward. This will,
therefore, not be explained, and we will only show results obtained for the Navier–Stokes
equations. Compared to the earlier work quoted above, we unify the following two existing
methodologies, combining their advantages:

(a) a nondimensionalization similar to that of Shuenet al. [36] that eliminates the
singularity associated withM ↓ 0;
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(b) a general coordinate version of the staggered grid method of Harlow and Amsden
[10, 11], similar to that of Shyy [38, 39].

Shuenet al. [36] use a colocated scheme for compressible flows extended to weakly com-
pressible flows by preconditioning, falsifying transients, and not allowing usingM = 0.
Shyy [38, 39] does not eliminate the singularity associated withM ↓ 0, which we do by
our special nondimensionalization. This avoids a difficulty hinted at on page 203 of Harlow
and Amsden [11], where it is advised to work with a scaled variable in solving the pressure
equation under certain circumstances, and the stabilizing mass diffusion term used in [11]
is not needed here.

We can prescribe the Mach number to be arbitrarily small, including zero, in which
case the incompressible scheme of Harlow and Welch [12] (in orthogonal coordinates) or
that of Zijlemaet al. [52, 53] (in general coordinates) is recovered. Moreover, temporal
accuracy is obtained in a simple manner, without introducing a pseudo-time variable and
dual time stepping, as required in many of the works quoted above. Finally, we demonstrate
surprisingly good performance of the scheme in the fully compressible case.

For stationary problems, time-stepping to steady state is less efficient than applying a
well-designed iterative method to the stationary discretised equations, but we use time-
stepping here to show the feasibility of the method to obtain time-accurate solutions, which
are harder to compute than stationary solutions in the presence of low Mach number effects.

In Section 2 the dimensionless Euler equations and boundary conditions are presented.
The discretisation and solution method are described in Section 3. Section 4 gives numerical
results, showing Mach-uniform accuracy and efficiency.

2. DIMENSIONLESS EQUATIONS

The Euler equations are considered. Pressure is used as the primitive variable instead
of density, in order to handle the limitM ↓ 0. For brevity the equations are presented in
Cartesian tensor notation, although in fact they are solved in general coordinates. The
dimensional governing equations are(

∂ρ

∂p

)
h

∂p

∂t
+
(
∂ρ

∂h

)
p

∂h

∂t
+ (ρuα),α = 0, (1)

∂ρuα

∂t
+ (ρuαuβ),β = −p,α, (2)

∂h

∂t
+ uαh,α = −(γ − 1)huα,α, (3)

whereuα = uα are the Cartesian velocity components,ρ is the density,p is the pressure,
h is the enthalpy, andγ is the specific heat ratio. The equation of state for an ideal gas
completes the system of equations:

ρ = γ

γ − 1

p

h
. (4)

Although a nonconservative form for the energy equation is used, the numerical scheme
to be used turns out to converge to genuine weak solutions. The above nonconservative
form is merely used for greater efficiency in the pressure correction time stepping scheme
to be described and could be replaced by the conservative form.
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We will discuss internal flow in a two-dimensional channel or nozzle. The inflow and
outflow boundaries are referred to by subscripts∞ andout, respectively. When the inflow is
subsonic,h∞, pout, anduα∞, α = 1, 2, are given. For supersonic inflow, all variables should
be specified on the inlet boundary, so instead of the pressure at the outflow boundary,
p∞ is given at the inflow boundary. On solid boundaries the impermeability condition is
prescribed:uαnα = 0 with n the normal on the solid wall. The initial conditions specify
p, uα, andh.

The equations are made dimensionless by scaling the variables by reference quantities
ρr , hr , pr , wr , the reference speed, andLr , the reference length, that still remain to be
chosen. The time is nondimensionalised byLr /wr . The following dimensionless Euler
equations are obtained:

∂ρ

∂t
+ (ρuα),α = 0, (5)

∂ρuα

∂t
+ (ρuαuβ),β + pr

ρrw2
r

p,α = 0, (6)

∂h

∂t
+ uαh,α = −(γ − 1)huα,α. (7)

In the standard compressible formulation the density is used as the primitive variable, and
the pressure follows from the equation of state, so, quite naturally, forpr the following
choice is usually made:

pr = ρr RTr . (8)

Hence the factorpr /ρrw
2
r in the dimensionless momentum equation (6) becomes

pr

ρrw2
r

= ρr RTr

ρrw2
r

= a2
r

γw2
r

= 1

γM2
r

. (9)

Therefore in the incompressible limitMr ↓ 0 the momentum equations (6) degenerate to
p,α = 0. Detailed mathematical analysis [21, 22, 25, 26] reveals that limitMr ↓ 0 of the
compressible Euler and Navier–Stokes equations is singular. In this limit the solution of the
compressible equations does not converge to the solution of the incompressible equations,
but to the incompressible solution plus an acoustic field. The acoustic field disappears when
the initial conditions are chosen in a special way.

In order to obtain a Mach-uniform formulation in which the limitM ↓ 0 is regular the
pressure is made dimensionless in a different way. In Panton [31] it is shown that the
dimensionless pressure gradient is of the same order as the inertia terms ifpr is equal to
ρrw

2
r , that is, if the dimensionless pressure is defined to be

p = p∗ − p∗c
ρrw2

r

,

with p∗c a constant pressure level still to be chosen. A similar dimensionless pressure is
introduced by Shuenet al. [36]. This results in the following dimensionless form of the
Euler equations: (

∂ρ

∂p

)
h

∂p

∂t
+
(
∂ρ

∂h

)
p

∂h

∂t
+ (ρu)α,α = 0, (10)
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∂(ρu)α

∂t
+ ((ρu)αuβ),β = −p,α, (11)

∂h

∂t
+ uαh,α = −(γ − 1)huα,α. (12)

Reference values based on boundary conditions and reservoir parameters are used. The
resulting formulation is different from that used by Shyyet al. [38–40]. The Mach number
at the inlet is defined by

M∞ = w∗∞
a∗∞

, (13)

wherew∗∞ is the velocity of the flow anda∗∞ =
√
(γ − 1)h∗∞ is the speed of sound. The

reference quantities are chosen equal to the stagnation condition at the inlet, denoted by
subscript 0:

h∗0 =
(

1+ γ − 1

2
M2
∞

)
h∗∞, (14)

a∗20 =
(

1+ γ − 1

2
M2
∞

)
a∗2∞, (15)

ρ∗0 =
(

1+ γ − 1

2
M2
∞

)1/(γ−1)

ρ∗∞, (16)

p∗0 =
(

1+ γ − 1

2
M2
∞

)γ /(γ−1)

p∗∞. (17)

The dimensionless variables are defined by

xα = xα∗

L∗
, t = t∗w∗∞

L∗
,

p = p∗ − p∗out

ρ∗0w∗2∞
, h = h∗

h∗0
,

ρ = ρ∗

ρ∗0
, uα = uα∗

w∗∞
, α = 1, 2,

where we have chosenp∗c = p∗out. The equation of state (4) becomes

ρ = ρ(p, h) = γM2
∞

1+ γ−1
2 M2∞

p

h
+
[

pv

((
1+ γ − 1

2
M2
∞

)−γ /(γ−1)

− 1

)
+ 1

]
1

h
, (18)

wherepv is defined by

pv = p∗out− p∗0
p∗∞ − p∗0

. (19)

The dimensionless equation of state shows thatρ becomes independent ofp as M∞ ↓ 0,
which is precisely what we want, because this eliminates acoustic modes. Furthermore,
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in this limit the variation ofp remainsO(1). This dimensionless formulation includes the
incompressible case, which is obtained by puttingM∞ = 0.

The dimensionless subsonic boundary conditions become

(ρu)1∞ =
(

1+ γ − 1

2
M2
∞

)−1/(γ−1)

cosα∞,

(ρu)2∞ =
(

1+ γ − 1

2
M2
∞

)−1/(γ−1)

sinα∞,

h∞ =
(

1+ γ − 1

2
M2
∞

)−1

,

pout = 0.

(20)

For the supersonic inflowp∞ must be prescribed instead ofpout.

3. DISCRETISATION AND PRESSURE CORRECTION METHOD

3.1. Invariant Formulation

For computing flows in general domains the governing equations are written in coordinate-
invariant form, using tensor notation,(

∂ρ

∂p

)
h

∂p

∂t
+
(
∂ρ

∂h

)
p

∂h

∂t
+ (ρU )α,α = 0, (21)

∂(ρU )α

∂t
+ ((ρU )αUβ),β = −(gαβ p),β, (22)

∂h

∂t
+Uαh,α = −(γ − 1)hUα

,α, (23)

with (ρU )α = a(α) · (ρu) the contravariant momentum components and where the con-
travariant metric tensor and base vectors are defined as

gαβ = a(α) · a(β), a(α) = ∂ξα

∂x
. (24)

Here,x are Cartesian coordinates in the physical domainÄ, andξ are boundary-conforming
curvilinear coordinates corresponding to Cartesian coordinates in the computational domain
G. For more details see [52, 53].

3.2. Discretisation in Space in General Coordinates

The compressible Euler equations will be discretised in space in boundary-fitted coordi-
nates using a finite volume scheme on a staggered grid for the reasons given in Section 1. The
scheme is designed such that asM∞ ↓ 0 the classical incompressible staggered grid method
of Harlow and Welch [12] is recovered (in the Cartesian case). This may be expected to give
Mach-independent accuracy and efficiency for small and medium Mach numbers. Figure 1
shows part of the computational grid with the staggered placement of the unknowns and the
corresponding control volumes. The discretisation in general coordinates introduces mass
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FIG. 1. Grid in computational domainG.

flux componentsρVα,Vα = √gUα, g = det(gαβ). The invariant discretisation in general
coordinates of the incompressible Navier–Stokes equations is described in [35, 52, 53].

In subsonic flow second-order central discretisation is used for the spatial derivatives,
and the goal of Mach-uniform accuracy and efficiency is achieved, as will be seen. In the
case of transonic flows this scheme did not converge. Some form of irreversibility needs
to be built in to satisfy the entropy condition. Therefore, a first-order upwind scheme was
used for the energy equation. This proved to be sufficient for transonic flows, whereas
for supersonic flows upwind discretisation for the momentum equations appeared to be
necessary as well. The simple first-order upwind scheme is used to show that the scheme is
also quite satisfactory for fully compressible flow. In order to obtain second-order accurate
results and crisp resolution of contact discontinuities the same measures can be taken as for
standard compressible methods, such as implementation of higher order upwind biased TVD
schemes with flux limiting. In this way the higher order MUSCL scheme was implemented
(see Section 4.3). The present scheme compares well with the first-order Godunov scheme
for fully compressible flows, as will be seen.

In supersonic regions the density is biased in the upstream direction in the continuity
equation, in order to satisfy the entropy condition. This was done using a Mach-dependent
shift operator. AssumingU1 to be the dominant velocity component, this is done as follows.
In cells with a Mach number lower than 1− d, with d a parameter to be chosen (in the
following, d = 0.1), no upstream bias is employed and central interpolation is used to
evaluate the density in the velocity points. For cells with a Mach number above 1− d the
density in the continuity equation is shifted upstream using(

∂ρ

∂p

)
h

∂p

∂t
+
(
∂ρ

∂h

)
p

∂h

∂t
+
(
ρ̃

ρ
(ρV)1

)∣∣∣∣i+1/2, j

i−1/2, j

+ (ρV)2
∣∣i, j+1/2
i, j−1/2 = 0, (25)

with ρi+1/2, j = 1
2(ρi, j +ρi+1, j ) as the centrally evaluated density and ˜ρ i+1/2, j as the shifted

evaluation of the density, given by

ρ̃ i+1/2, j = (0.5− Si+1/2, j )ρi+1, j + (0.5+ Si+1/2, j )ρi, j . (26)

HereS is a continuous switch function defined by

Si+1/2, j = S
(
V1

i+1/2, j ,Mi+1/2, j
) = V1

i+1/2, j∣∣V1
i+1/2, j

∣∣ min

(
1

2
,max

(
0,

1

4

(
Mi+1/2, j − 1

d
+1

)))
.

(27)

The local Mach number in the cell center is computed as:

M2
i, j =

M2
∞

1+ γ−1
2 M2∞

(
V1

i+1/2, j + V1
i−1/2, j

)2+ (V2
i, j+1/2+ V2

i, j−1/2

)2

4gρ2
i, j hi, j

. (28)
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Mi+1/2, j is found through linear interpolation. The switch functionSvaries between 0 (no
bias) forM < 1− d to 1

2 (full bias) for M > 1+ d.

3.3. Pressure Correction Method

In the incompressible case there is no time-derivative for the pressure. This is also the
case in the present Mach-uniform formulation, as it should be; forM = 0 the factor∂ρ/∂p
in Eq. (25) is zero, according to the dimensionless equation of state. The standard workhorse
to do time-stepping in the incompressible case is the pressure correction method, already
introduced by Harlow and Welch [12]. This method will also be employed here, for all
Mach numbers, in order to achieve Mach-uniform accuracy and efficiency.

For brevity, we leave the spatial derivatives undiscretised and writemα for ρUα. In
practice we discretise in space and incorporate the boundary conditions before discretising
in time. The continuity and momentum equations are discretised in time as follows:(

∂ρ

∂p

)n

h

pn+1− pn

δt
+
(
∂ρ

∂h

)n

p

hn+1− hn

δt
+ µ(mα

,α

)n+1+ (1− µ)(mα
,α

)n = 0, (29)

(mα)n+1− (mα)n

δt
+ θ((mα)n+1(Uβ)n),β + (1− θ)(mαUβ)n,β

= −(gαβ(µpn+1+ (1− µ)pn)),β . (30)

Depending on the parametersµ andθ , the discretisation is explicit or implicit. But in the
incompressible case it is needed to takeµ= 1, because then the pressure acts as a Lagrangian
multiplier to satisfy the divergence freedom constraint. With the pressure correction method,
first, a prediction for the momentum fieldmα∗ is computed from

(mα)∗ − (mα)n

δt
+ θ((mα)∗(Uβ)n),β(1− θ)(mαUβ)n,β = −(gαβ pn),β . (31)

Next, a pressure correctionδp = pn+1 − pn is computed. To find the correction equation,
first (31) is subtracted from (30), neglecting the difference in the convection terms:

(mα)n+1− (mα)∗

δt
= −µ(gαβ(pn+1− pn)),β . (32)

Van Kan [45] has shown for the incompressible case that neglecting the difference in
the convection term does not deteriorate the temporal accuracy, andθ = 1/2, µ= 1 gives
second-order accuracy in time. Here, in the compressible case, at least first-order accuracy
is maintained. Next, the discrete divergence of the discretised version of (32) is taken, and
the resulting expression for(mα

,α)
n+1 is substituted in (29), which results in

(
∂ρ

∂p

)n

h

δp

δt
− µ2δt (gαβδp),αβ = −µ(mα)∗,α + (1− µ)(mα)n,α −

(
∂ρ

∂h

)n

p

δh

δt
. (33)

This is called the pressure correction equation. For the computation of∂ρ/∂p and∂ρ/∂h
the nondimensional equation of state (18) is used. Whenδh= hn+1 − hn is known, the
pressure correctionδp can be computed from (33), whereafter(mα)n+1 can be found from
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(32). Theδh can be computed from the following discretisation of the energy equation:

hn+1− hn

δt
+ (Uα)n

(
θhn+1

,α + (1− θ)hn
,α

) = −(γ − 1)(Uα)n,α(θhn+1+ (1− θ)hn). (34)

To obtain at the end of a time step the velocity components(Uα)n+1 from (mα)n+1, the
mass fluxes are divided byρn+1, which is computed from the equation of state. In practice
the Euler equations are first discretised in space before the pressure correction method
is applied, so that the equations derived in this section are linear algebraic systems. No
boundary conditions for the pressure correction equation are required, since the physical
velocity and pressure boundary conditions have already been incorporated in the continuity
and momentum equations, from which the pressure correction equation is derived. The
spatial discretisation in general coordinates is described in [52, 53].

It is instructive to write down the fully discrete scheme for the one-dimensional case.
We writeλ = δt/δx,m1 = m, δp = pn+1− pn, etc. The discrete continuity equation with
density bias is given by, writingσ = ρ̃/ρ (see (26)),

δρ j + µλ(σm)n+1
∣∣ j+1/2

j−1/2+ (1− µ)λ(σm)n
∣∣ j+1/2

j−1/2 = 0. (35)

This equation is Newton-linearised as

(σm)n+1 ≈ σ nmn+1+ unδρ̃ − (uσ)nδρ. (36)

This results in the discrete continuity equation

δρ j + µλ(σ nmn+1+ unδρ̃ − unσ nδρ)
∣∣ j+1/2

j−1/2+ (1− µ)λ(σm)n
∣∣ j+1/2

j−1/2 = 0. (37)

It is assumed thatu> 0 and that the flow is supersonic, so that the first-order upwind scheme
is used and the density bias is in full force. This means that the switch functionS in (27) is
equal to1

2, so thatδρ̃ j+1/2 = δρ j . As a result the continuity equation (37) becomes

δρ j + µλ
(
σ n

j+1/2mn+1
j+1/2+ un

j+1/2δρ j − un
j+1/2σ

n
j+1/2

1

2
(δρ j+1+ δρ j )

)
−µλ

(
σ n

j−1/2mn+1
j−1/2+ un

j−1/2δρ j−1− un
j−1/2σ

n
j−1/2

1

2
(δρ j + δρ j−1)

)
+ (1− µ)λ(σ n

j+1/2mn
j+1/2− σ n

j−1/2mn
j−1/2

) = 0. (38)

In this equationδρ j will be replaced by(∂ρ/∂p)nj δpj + (∂ρ/∂h)nj δh j . In the solution
procedure, first,δh is computed from

hn+1
j − hn

j +
1

2
θλ
(
un

j−1/2+ un
j+1/2

)
hn+1

∣∣∣ j

j−1
+ 1

2
(1− θ)λ(un

j−1/2+ un
j+1/2

)
hn
∣∣∣ j

j−1

+ θλ(γ − 1)hn+1
j un

∣∣∣ j+1/2

j−1/2
+ (1− θ)λ(γ − 1)hn

j u
n
∣∣∣ j+1/2

j−1/2
= 0. (39)

Next, the momentum is predicted according to

m∗j+1/2−mn
j+1/2+ θλ(unm∗)

∣∣ j+1/2
j−1/2+ (1− θ)λ(unmn)

∣∣ j+1/2
j−1/2+ λpn

∣∣ j+1
j = 0. (40)
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The momentum correction is defined by

mn+1
j+1/2−m∗j+1/2 = −µλ δp

∣∣ j+1
j . (41)

When this equation formn+1
j+1/2 andmn+1

j−1/2 is substituted into the continuity equation (38)
divided byµλ, the pressure correction equation is found to be

−aj−1δpj−1+ bj δpj − cj+1δpj+1 = f j , (42)

where

aj−1 = (µλ)σ n
j−1/2+

(
∂ρ

∂p

)n

j−1

(
un

j−1/2−
1

2
(σu)nj−1/2

)
, (43)

bj = (µλ)
(
σ n

j+1/2+ σ n
j−1/2

)+ (∂ρ
∂p

)n

j

{
1

µλ
+ un

j+1/2−
1

2
(σu)nj+1/2− (σu)nj−1/2

}
,

(44)

cj+1 = (µλ)σ n
j+1/2+

1

2

(
∂ρ

∂p

)n

j+1

(σu)nj+1/2, (45)

f j = −
(
σ nm∗ +

(
1

µ
− 1

)
σ nmn

)∣∣∣∣ j+1/2

j−1/2

− δh j−1

(
∂ρ

∂h

)n

j−1

(
un

j−1/2−
1

2
(σu)nj−1/2

)

− δh j

(
∂ρ

∂h

)n

j

{
1

µλ
+
(

un
j+1/2−

1

2
(σu)nj−1/2

∣∣∣∣ j+1/2)}

− δh j+1

(
∂ρ

∂h

)n

j+1

(
−1

2
(σu)nj+1/2

)
. (46)

Our main goal here is to show Mach-uniform efficiency and accuracy. For computation
of both the steady states of stationary flows and time-accurate solutions of nonstationary
problems time-stepping was used. This method is for stationary problems less efficient
than applying a well-designed iterative method to the stationary discretised equations. It
suffices to show that the given solver does not degrade asM ↓ 0 or when the flow becomes
supersonic. In the subsonic case, the spatial discretisation is fully central and the time step
must be small enough to sufficiently enhance the main diagonals of the systems for the
mass flux components and enthalpy, if an implicit scheme is used. There is a trade-off
here between size of time-step and number of iterations per time-step. All systems were
solved by a Krylov subspace iterative method for unsymmetric matrices, namely GMRES
(see Vuik [50]). This method was preconditioned by ILU. Note that only systems for one
variable at a time need to be solved, which makes optimizing iterative solvers much easier
than when coupled systems are involved. The pressure correction equation is always weakly
diagonally dominant.

4. NUMERICAL RESULTS

4.1. Introduction

Two stationary test problems especially suited for testing computating methods with
varying Mach numbers have been selected. The first is flow through a channel with a bump,
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FIG. 2. Grid size 63× 22 used for subsonic and transonic computations.

also treated in [7, 19, 20, 38]. The second is flow through a converging–diverging nozzle, also
treated by Shuenet al.[36]. The parameters are chosen such that regions with very low and
medium or high Mach numbers appear. Standard methods for computing incompressible
or compressible flow cannot cope with these flows, or at best in an inefficient manner. We
use time-stepping starting from rest to converge to steady state, withθ = 0.5 andµ = 1.
The following termination criterion is used: maxi, j ((Uα

i, j )
n+1− (Uα

i, j )
n) ≤ δt10−6.

Two nonstationary test problems were computed as well. The first is the shocktube prob-
lem posed by Sod [41], a frequently used test problem for compressible flow solvers. The
second is a nonstationary nozzle flow to show that the scheme is suitable for nonstation-
ary weakly compressible flow. For the time stepping method in nonstationary flows the
parameters were chosen to beθ = 1 andµ = 1.

4.2. Stationary Flows

4.2.1.Channel with bump. Subsonic flow.Subsonic flow in a channel with a 10%
bump is computed. All equations are discretised using central differences. The size of the
channel is [0, 3]× [0, 1], in which a boundary fitted nonuniform grid of 63× 22 cells is
generated (see Fig. 2). Results are given forM∞ = 0, 10−6, 0.01, 0.1, and 0.5. Note that
M∞ = 0 is allowed with our method. The boundary conditions are:α∞ = 0, pv = 1. For
an inlet Mach number ofM∞ = 1× 10−6 and 0.5 the resulting iso-Mach lines are shown
in Fig. 3. Note that the pattern is symmetric, as it should be for subsonic flow through
the specified channel. The computed Mach number distributions on the upper and lower
boundary of the channel are compared to results obtained by Eidelmanet al. [7] in Fig. 3.
The results are very similar. Our central scheme gives better symmetry than the (much more
computing intensive) second-order upwind-biased Godunov scheme of [7] and contains less
numerical diffusion, resulting in a 4% higher maximum Mach number.

Efficiency at low Mach numbers.The number of iterations and CPU time (using a
HP9000-735 workstation) required are listed in Table 1. Neither the number of iterations

FIG. 3. Mach number contour plot for (a)M∞ = 1.10−6; (b) M∞ = 0.5.
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TABLE 1

Channel with 10% Bump, δt = 0.1

CPU Time
GMRES iterations

Mach [s] steps Total Iter/t.step

0.5 151 509 6108 12
0.1 73 220 3960 18
0.01 74 200 4200 21
10−6 74 200 4200 21
0 75 203 4263 21

nor the CPU time deteriorate at low Mach numbers. For increasing Mach numbers the flow
takes more time to settle down to steady state, but CPU time per time step does not increase
(in fact, it decreases somewhat).

Transonic flow. Although our primary aim is to cover the no-man’s land between in-
compressible and compressible flow, we show in the following examples that the present
staggered grid pressure correction method is quite suitable for fully compressible flow as
well. In the channel discussed above we takeM∞ = 0.675 and obtain transonic flow. In
regions of transonic flow the upwind biased approximation for the density as explained
in Section 3 is used. Furthermore, for the energy equation a first-order upwind scheme is
employed. Again, a boundary-fitted grid of 63× 22 cells is used (see Fig. 2). Mach number
contours are shown in Fig. 5. The location of the shock was at 70% of the bump, while
Eidelmanet al. [7] found the shock to be at 72%. The maximum Mach number is 1.33
against 1.32 in [7]. At the bump, the shock is captured in four cells.

Supersonic flow. Supersonic flow is computed for a channel with 4% bump and
M∞= 1.65. For this type of flow the first-order upwind scheme is used for the momentum

FIG. 4. Mach number at upper and lower boundary of channel with bump forM∞ = 0.5 compared with a
second-order Godunov method.
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FIG. 5. Mach number contour plot forM∞ = 0.675.

and energy equations. In Fig. 7 the Mach number contours are shown for computation
on a 190× 55 grid, shown in Fig. 6. The leading edge shock reflects from the top wall
and intersects with the shock leaving the trailing edge. All shocks are resolved fairly well,
although the reflecting one is somewhat smeared, as is to be expected with a first-order
upwind method. In Fig. 8 one can see that the agreement between our first-order accurate
results and the results for the second-order Godunov method in [7] (where the grid size is
not mentioned) is good; locations of the shocks are the same. Furthermore, it is interesting
to note that the shock position does not change with grid refinement (see Fig. 9). The shocks
we computed are as sharp as in [7], except for the reflected shock on the upper boundary
in the neighbourhood ofx = 2, and our extreme values are lower than those in [7]. This
is most likely due to the use of a first-order upwind scheme for the momentum equations.
Compared to the results in [7] for a first-order Godunov method it is found that the present
scheme gives better crispness of resolution. A second-order upwind-biased scheme with a
limiter can be easily implemented, but our aim here is merely to show the suitability of our
scheme for computing supersonic flow.

Viscous flow. Extension to the Navier–Stokes equations is straightforward and will not
be described. We give results for the channel with 10% bump with a uniform inlet Mach
number of 0.45, just as Shyy in [37]. The grid of 99× 49 cells is refined near the wall (see
Fig. 10). A laminar computation was performed for a Reynolds number of 4× 105. The
resulting Mach number contours are shown in Fig. 11. These contours are very similar to
the results obtained by Shyy [37]. The thickness of the boundary layer is also in agreement.
The computing time for low Mach numbers is in the same proportion to the time for
M∞ = 0.45 as in the inviscid case.

4.2.2.Converging–diverging nozzle.Next, the flow is computed in a converging/diverging
nozzle with the following contraction ratios: 5, 10, and 20. The inlet Mach number is kept
constant at 0.045. The size of the throat is kept constant at 0.4, and the size of the outlet is
kept constant at 2.5 times the size of the throat. For all computations we have used a 49× 10

FIG. 6. Grid size 190× 55 used for supersonic computations.
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FIG. 7. Mach number contour plot forM∞ = 1.65.

FIG. 8. Mach number at upper and lower boundary of channel with bump forM∞ = 1.65 compared with a
second-order Godunov method.

FIG. 9. Mach number at upper and lower boundary of channel with bump withM∞ = 1.65 for different grid
sizes.
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FIG. 10. Grid of size 99× 49 used for viscous computation.

nonuniform grid of the type shown in Fig. 12. The time step was kept constant atδt = 0.01.
First-order upwind discretisation was used both in the energy and in the momentum equa-
tions. In the computations for flow in nozzles with contraction ratios 5 and 10, the pressure
ratio was chosen aspv = 1, and the flow remained subsonic. The maximum Mach numbers
that occurred are listed in Table 2. For a contraction ratio of 20,pv = 60 was chosen so that
supersonic outflow occurred. In this case a large range of Mach numbers from 0.045 up
to 2.34 arose (see Fig. 13). When the solution was computed on a grid with four times as
many grid cells, the solution did not change. To obtain convergence on this grid, the time
step had to be halved to 0.005.

Efficiency at low Mach numbers.In the nozzle with a contraction ratio of 5 the flow
remains virtually incompressible. The maximum Mach number is 0.24. For a contraction
ratio of 10 the maximum Mach number is 0.5, for 15 it is 1.82, and for 20 it is 2.67. The
CPU time and number of iterations for the nozzle do not increase significantly for lower
Mach numbers, that is, smaller contraction ratios. On the contrary, there is an increase of
computing time with increasing contraction ratio. This increase of CPU time is caused by
the fact that the flow takes longer to settle down to steady state. But the results suffice to
illustrate our main point, namely that accuracy and efficiency do not degrade in the presence
of low Mach numbers.

4.3. Nonstationary Flows

As stated before, one of the advantages of our method over preconditioning methods is
that the transient behaviour is not falsified, so that time-accuracy is easily realised. We show
results for two nonstationary test cases, namely Sod’s shock tube problem test case [41]
and a nonstationary flow with low Mach numbers.

FIG. 11. Mach number contours forM∞ = 0.45 and Re= 4× 105.
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FIG. 12. Grid of size 49× 10.

Shock tube problem.Sod’s shock tube problem [41] is a Riemann problem with the
following left and right states:

ρ1 = p1 = 1.0, u1 = 0; ρ2 = 0.125, p2 = 0.1, u2 = 0. (47)

Sincew∞ = 0 we cannot use the previous nondimensionalisation. Instead we use

ρr = ρ1, pr = p1, hr = h1, wr = 1. (48)

The time discretisation is as before; we take1x = 0.01 and1t = 0.001. The shock speed
is found to be 1.75, corresponding to a Courant number of 0.175. The pressure correction
method is used for time-stepping.

For the space discretisation of the momentum and energy equation the first-order upwind
scheme was used. Because the flow is subsonic no upwind bias for the density is applied.
The difficulties in computing the shock tube problem are to compute the expansion wave and
the dicontinuities accurately and to compute the right wave speed. Our solution att = 0.15
is compared with the exact solution at this time in Fig. 14.

Comparison of Fig. 14 with results in [41] shows that our results are as good as those ob-
tained with a first-order Godunov scheme. It shows that our scheme converges to the correct
weak solution and satisfies the entropy condition. The contact discontinuity is somewhat
smeared due to the use of the first-order upwind scheme. This can be improved by using
a higher order upwind scheme. For this we follow the MUSCL approach [46]. Assuming

TABLE 2

Nozzle with Inlet Mach Number of 0.045,δt = 0.01

Contraction Maximum CPU Time
GMRES iterations

ratio Mach no. [s] steps Total Iter/t.step

20 2.67 761 6792 95088 14
15 1.82 750 6790 95060 14
10 .83 220 1866 26124 14
5 .4 300 2744 38416 14
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FIG. 13. (a) Mach number contour plot forM∞ = 0.045; (b) Mach number at centerline of nozzle.

u > 0, mi+1/2, j is evaluated as

mi+1/2, j = mi, j + 1

2
9(ri+1/2)(mi −mi−1), (49)

where

ri+1/2 = mi+1−mi

mi −mi−1
, 9(r ) = max

[
0,min

(
2,

1

2
r + 1

2
, 2r

)]
. (50)

The energy equation is handles analogously. In Fig. 15 the solution obtained with the
MUSCL scheme is compared to the exact solution. The shock and especially the contact
discontinuity have become more crisp. Due to our nonconservative discretisation of the
energy equation, a tiny wiggle is formed in front of the contact discontinuity. The staggered
scheme seems to be as accurate as nonstaggered schemes based on approximate Riemann
solvers and flux limiting (see, for example, similar results [1, 13, 14].

Nonstationary nozzle.In order to test the method on a nonstationary low Mach number
flow, we have computed flow in the converging/diverging nozzle of Section 4.2.2 with
nonstationary inflow. In this case the inlet Mach numberM∞ varied between 0 and 0.045
with a period of 0.5 s. The resulting Mach number at the center line is plotted in Fig. 16.
No particular difficulties were encoutered.

5. CONCLUDING REMARKS

A method to compute flows has been described that has accuracy and efficiency uniform
for very low and medium Mach numbers. A nondimensionalisation has been introduced

FIG. 14. Comparison of first-order upwind scheme with exact solution.
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FIG. 15. Comparison of MUSCL scheme with exact solution.

such that all quantities in the dimensionless Euler equations remain finite andO(1) when
the Mach number goes to zero. The dimensionless equations are discretised in general
coordinates on a staggered grid and solved with a pressure correction method and im-
plicit time stepping. From the numerical experiments the following conclusions can be
drawn:

• Good results are obtained for low Mach number flow, includingM = 0.
• Mach number independent convergence is observed for subsonic flow.
• The staggered scheme is also accurate for fully compressible, transonic, and supersonic

flow. The Rankine–Hugoniot and entropy conditions seem to be satisfied.
• Time discretisation is straightforward. Nonstationary flows can be efficiently and

accurately computed for Mach numbers ranging from zero to supersonic.

FIG. 16. Nonstationary nozzle.
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